Outline of this topic

(just for me)

1. frequency formula

2. dimensional analysis ... show how the units are correct

3. SMO – mass and spring

4. show how it traces a sine wave (spring, 2 markers, mass, whiteboard)

5. write formula

6. --- where does 2f come from? probably to make the units work. *** must be in radians

7. graph

8. where is speed greatest ? zero?

9. graph, write equation for speed

10. write equation for acceleration

11. tie in to differentiation

12. show how a = -k/m x <both ways>

13. show how to start the oscillation as sine or cosine (or negative sine or negative cosine)

14. energy – conservation to find A, etc.

15. do sample problems.

16. extra stuff: damping, resonance, angular quantities (which we never actually get to)

Simple Harmonic Motion

The combination of a mass m attached to a spring with spring constant k creates a “simple harmonic oscillator” which can be set vibrating and will continue to vibrate with no continued external force. Simple harmonic motion (SHM) is repeated motion (oscillations) of some mass in a sinusoidal fashion. This comes about because there is a restoring force that is opposite to the direction of motion. The force always wants to bring the mass back to the equilibrium position, yet the inertia of the moving mass keeps it going past the equilibrium point and the cycle continues.
We are going to assume that the spring is horizontal, because then we can ignore gravity as it oscillates. In fact, a spring moves the same way whether it is horizontal or vertical, so we can make it vertical and continue to ignore gravity (there’s just an offset to the rest position, x0 , if it’s vertical).

If we pull a spring-mass system an release it …

( is there acceleration? How do you know?

What is the net force? What force is on the mass?

… The net force at any time is only Fe and  Fe = -kx

.: Fnet = –kx  
Hooke’s Law.
A spring that follows this law is called a Hookean spring.
=> ma = –kx
=> a = – (k/m)x



This is the defining equation for simple harmonic motion: "The acceleration of the mass is proportional to its displacement from the equilibrium position and in the opposite direction to the displacement."

This tells us two things: 
1. the acceleration is never constant, 
2. the stiffer the material, the faster it will vibrate, and the heavier the mass, the slower it will vibrate. (Assuming that acceleration is related to vibration).

Frequency of Simple Harmonic Oscillators

The frequency of an SHO is given by: 
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(I’m not deriving this!)
Note that a stiffer material vibrates faster, while a heavier one vibrates slower, as we would expect.
Also note that the amplitude does not affect the frequency!

Dimensional Analysis:
The left side is frequency which has the units Hz. .: the units of the RHS should end up as Hz too.
Let’s work it out. What units is ‘k’ in? ..

... convert Newtons to base units ...

...

Hz. 
QED!

For a pendulum we can derive a similar formula – if the displacement is small, then 
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A larger gravitational field will make it oscillate faster, while a longer string will make it oscillate slower. In this case, the mass of the pendulum does not matter (a very important formula for time-keeping and navigation), the amplitude does not matter either as long as it is only a few degrees.

[If the angle is greater, you must add extra terms that we ignore (sin2  …) ]
Note that the mass does affect the amount of energy that the pendulum has. One would expect a heavier mass to continue moving back and forth for a lot longer as there is more energy to dissipate.

Formulas for Simple Harmonic Oscillators 

How do we describe the position of x as a function of time? It makes a sine wave. [For some reason, the word “harmonic” refers to “sinusoidal”.]
DEMO: 1 kg mass on a long brass spring. Tape two whiteboard markers horizontally to the mass, one on each side. Now start the mass oscillating as you walk along the whiteboard. The markers will trace a sine curve on the board! (I think that this is more of a thought experiment, rather than one which I really do.)
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What is the difference between a sine and cosine graph? One is just shifted 90o. 
sin = cos( –  / 2)

You must use RADIANS for these calculations

How do we tell if the graph is a sine or cosine from the motion of the mass?
(i) if the mass starts at 0 and is struck moving it upwards, it traces a sine curve. 
     If it is struck downwards, it traces a negative sine curve
(ii) if the mass is pulled up to the maximum amplitude and then released, it traces a cosine curve
     if it is pulled down and released, it traces a negative cosine curve.

<see diagram below – next page>


[Derivation of equation begins here. Get students to tell you the next step if possible.]
Consider a mass on a spring at rest which is then struck and begins oscillating with maximum amplitude A. What would the equation for x =x(t) be in this situation?

x = A sin (2ft) 


Where does the 2f come from? The answer is a few pages on.

Velocity is the slope of the d-t graph:  find slopes at +A, –A, and 0. 
This gives an equation (the derivative, from calculus) 
 
v = A*2f cos(2f t).

You can see that the speeds are what we expected. 

Acceleration is the slope of the v-t graph. You can plot the v-t graph and again, find slopes at +A, –A, and 0. 
 
a = – A * 42f2 sin (2ft)

Now this looks really complicated, but we can see that there is some similarity to x = A sin (2ft). 

Sub in our equation for x, and we get …
 
a = –  42f2 (A sin (2ft))
 
a = –  42f2 x
Now, use our frequency equation 
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  , sub that it and what do we get? 
 
a = -(k/m)x, the equation that we started with, which came from saying that the net force is the elastic force!  Wow!!

So:  velocity is 90 behind displacement and acceleration is 90 behind velocity.
 velocity is still the derivative of displacement and acceleration the derivative of velocity (just like with the equations of motion).

What you need to know:
at 4 positions on sine curve:
a) x=0, v= max (+), a = 0.  
b) x = +A, v=0, a = max (-).  a is always opposite to x, if x = 0, then Fnet=0 and a=0
c) x = 0, v=max(-), a=0
d) x = -A, v=0, a = max(+)
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[Technical Correction to this graph: the coefficients are not all A or 2, the amplitudes change and the units on the vertical scale change, so all of the amplitudes are not the same. Also when converting to energy, x2  is multiplied by k, while v2 is multiplied by m.]


Energy in Simple Harmonic Oscillators

Total E = Ek + Ee = constant 
 
   = ½ kx2 + ½mv2 = ½kA2 = constant   (it does not depend on time)

The constant nature of the energy can be seen by squaring the graphs of x=2sin and v = 2cos. The sum of these is a constant. [See the above graph].


Notes: If you know the amplitude and k, then you can figure out the total energy. 
 when x = A, v = 0
 when x = 0 , v = max speed
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Extra Stuff:

Also note that both the potential energy and the kinetic energy are parabolas as a function of position.  

The upright parabola is E  x2 . The upside down parabola is E  v2. The total energy (adding these two parabolas) is constant.

Why cos (2ft) or cos (2t/T) ?
If a spring has been oscillating for, say, 3 seconds, you have to divide time by T to see how much of a period it is. (This, incidentally also makes the number dimensionless.) You then have to multiply by 2 (or 360o) to make one period correspond to one cycle in sine (or any trig function). We use 2 because radians are a more natural unit for angles in physics - witness the 1/2 in the frequency for an SHO. This , incidentally, clearly indicates that even though the mass is moving up and down in a linear fashion, it is closely tied to a circle or circular motion.

---- STOP HERE ----

Extra Stuff

Resonance

Simple objects (which can be modelled with a spring and a mass) have a certain frequency that the will naturally vibrate at. This is called their natural resonant frequency (obviously).

Resonance occurs when an outside stimulus causes the SHO to vibrate at its natural frequency. Even though the stimulus might be adding only a little energy, very large oscillations can build up – since the energy is added at exactly the right time to increase the amplitude of oscillation.

Examples: sound waves hitting a glass.

Damping

Real life oscillators do not continue oscillation forever as there is always energy loss. The damping force is normally directly proportional to the velocity.  Ff = bv

This can be modelled by adding an exponential decaying factor to the oscillation. (Most things follow an exponential curve (e.g. hot water cooling down to room temperature)  don’t ask me why, it’s just resonable.)
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This makes the amplitude sine wave decrease as time goes on. Also the larger b is, the greater the damping force. If b is too small, the system is underdamped and the oscillations die away slowly. (Musial instruments are designed to have very little damping). If b is just right, the system returns to its equilibrium point without oscillating. This is called critical damping. (Shock absorbers in cars are critically damped.) If b is too large the system is overdamped, and there is so much resistance to movement that it takes a long time to return to equilibrium (no oscillations either). 

Angular quantities

Some physical quantities:

frequency, symbol f, = cycles/sec

units: Hz. (normally, also rpm, cps, etc.)

period, symbol T, = time for one cycle
units: seconds (hours, days,...)
T = 1/f

f = 1/T


Angular quantities

Radians  a unit for measuring angles:
 (see diagram) 

Consider an object of mass m moving in a circle of radius r with a constant speed v.

The magnitude of the velocity is constant, but the direction is constantly changing. There must be some acceleration to continually change the velocity.  This acceleration is directed towards the centre of the circular orbit. It is thus called centripetal acceleration or radial acceleration.

A rotation with constant speed is called uniform circular motion. The tangential acceleration is zero.

Quantities that we can get so far:


	Angular Quantity
	Linear Quantity (that corresponds to it)

	l = arc length        r = radius
 = angle    = l / r
	
d

	 = /t                this is angular velocity
    = 2/T                 measured in radian/s
    = 2f
	v = d/t             this is linear velocity
   = 2r / T           measured in m/s
   = 2rf

	 = /t           this is angular acceleration
                         which means that the rotational
                         speed is increasing or decreasing
	a = v/t            this is tangential acceleration
                        which means that the rotational
                        speed is increasing or decreasing


*  is measured in radians
The direction of the vector quantites,  and  , is along the axis (use right-hand-rule). . . . We will not be using this in this course. (Needed for conservation of angular momentum.)

 As we saw above, for circular motion the x co-ordinate of the mass’ position is x = Acos
We know that the angle  changes with time. For SHM, there is no real angle that we can measure, so we would like to write x=x(t) instead of x=x().  Now to find  = (t) we can use the equation  = /t


 x = Acos (t) = A cos (2ft)
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