
Upated: May  26, 2006

Course: SPH4U1

Unit: Fields

Lesson 2, 3: Title: Orbital Mechanics

Apparatus needed: an lunar launch pad would be nice

Bellwork: (return tests – at end of period).

Outline:
· Orbits (what do they know about them; ellipse, PPT, Kepler’s laws – write them down)

· escape velocity calculations

· conservation of energy

· orbital energy and total energy

· geosynchronous orbit calculations

Outcomes: 
- state Kepler’s 3 laws of motion
 describe an ellipse: define perigee, apogee, semi-major/minor axis, focus, formula, eccentricity
- derive the escape velocity for a planet
- derive the orbital speed for a circular orbit
- calculate the altitude and speed of a geostationary orbit
- connect these equations to other fields of science

Preliminaries: 

Summary:
Fg = mg

Eg = mg(h

( ONLY on earth
|   Fnet = ma
Fg = GmM/r2 

Eg = -GmM/r

( anywhere    
|    Ek = ½ mv2 
 








   (definitions)

Lesson:

Today we will take our new equation for gravitational energy and learn all sorts of useful things from it.
First, lets’ talk about orbits …

( show kepler1.ppt
copy down Kepler’s Laws
( go over the mathematics of an ellipse  (perigee / apogee)

*** INSERT HERE

Escape velocity – how fast do you have to go to just escape from a gravitational field? (this can be done, even though the field extends to infinity). How? you are always moving, just moving more and more slowly, until you come to rest at infinity. The total energy is zero. – you want to end up at infinity / the end of the universe with no speed. There will be no gravitational energy there either (you will have escaped from the planet).


Formula: ETOT = KE + GPE
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initial






final (at ∞ or just very far away)
high speed ( Ek




at rest ( Ek = 0 

negative gravitational potential energy

at infinity ( Eg = 0



E init




 = 

E final

KE 
+
 GPE


 = 

 0
 
½ mv2  + (-GmM/r) 


 =

 0
…
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For earth, vescape = 11190 m/s  (but you may also want to escape from the sun)
* it is very important to put subscripts on v and r to avoid confusion with other gravity formulas. 
(Note that we conveniently do not have to take ( -x )
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Notice that the total energy is constant (as it should be). If you add Ek and Eg you always get zero.












What speed would something need to be launched at to reace a distance of 3 ( rearth (and have v=0 there)?



initial energy


=

final energy


 ½ mv2     + 
–GMm/rearth

=
0 (since v=0)   +     –GmM/(3re) 

...


[image: image2.wmf]earth

r

GM

v

3

4

=


Total energy: at Earth’s surface 

------------------------------ Start of possible Aside ---------- ------------------------------

Demo: ballistics cart launching a ball vertically into the air.
Q. What types of energy are involved here?
Q. What do we know about the total energy?

1. graph Eg vs h

 




Eg = mg(h





 





 h
2. How would you indicate Etotal on this graph?
3. Where does Ek start? Where does it end?  (top left, at zero when h=max)
4. How does Ek vary with h? – it must be a diagonal line opposite to Eg, or the total energy will not be constant.
(Ek     = Ek2 – Ek1
= ½ m(v22 – v12)
Now, from equations of motion, v22 – v12 = 2a(d ; a = -g
= ½ m (-2g(d)
= - mg(h

Now let’s look at what happens when g is not constant.

------------------------------ End of Aside ---------- ------------------------------

Total Energy: KE AND GPE

By conservation of energy, the total energy has to be constant. ( draw a horizontal line at height x. Shade in between x and the r-axis.

Now … as we move closer to the object – how do we keep the total energy constant? We have to increase the kinetic energy!!! So as objects move closer to the central field (??) / sun, they move faster. This is clearly observed with comets.


Diagram: (
As the comet moves from far away (B) to closer (A) it has to have the same total energy (Etot). For this to happen it has to move faster. See the Ek line. When you add Ek and Eg at any point r, you are always getting Ex … the same total energy.
Notice that the comet never goes to where Ek is zero – it would stop there. It is in orbit. Since Etot is negative, it never has enough energy to escape from the solar system.

(Note if Etot is positive, then the object can escape from the gravity well, if not, then it is trapped and cannot escape.).


(illustrate comet as ball moving up and down both curves.)
( show HALLEY applet

( asteroid applet
Orbital energy (circular orbits)

What is the speed of a satellite orbiting the earth at an altitude of 300 km? 
** Whenever you see the word ‘altitude’ – think – do you need to add in the radius of the earth?

You need to determine v for objects in orbit. In order to do this, we DO NOT use conservation of energy. 
(Try it:
  Initial = Final 
The GPE = constant so the KE = constant. You can’t solve for the unknown.)

Instead, we use centripetal forces.

Fc = Fg 


sounds familiar?
mv2 /r = GmM/r2 
*** Note: here r = r orbit

…
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(This looks very similar to the escape velocity formula – which is why I use subscripts)

What is Ek now?
Ek = ½ m vorb2
….   = ½ GMm/rorb 


How does it compare to Eg?
Ek = ½ | Eg |
---- always!!!  Strange but true.

What is E total?
Etotal = Eg + Ek
 
= ½ GMm/r – GMm/r
 
= - ½ GMm/r 


Binding energy: Ek + Eg = 0 , > 0 , < 0

(mention elliptical orbits  E total = -1/2 GMm/a )

Binding energy – used in nuclear physics, molecular bonding theory, ionization energy

Miscellaneous

· Hohmann transfer orbits: 
½ of an ellipse ; tangential to both circles; fire thrusters twice;  fast / slow / fast

Geosynchronous orbit:

If a satellite stays over the same point on the equator as the earth rotates, what is it’s orbital period? 
T = 24 hours.

Using this information we can find out everything else – but it is a bit difficult.
v = 2(r/T

(but we don’t know v or r)

using centripetal force:
mv2/r = GmM/r2 
cancel ‘m’ and sub in for v
(2(r)2/T2r = GM/r2 




4(2r / T2  = GM/r2
solve for r
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Note: r3 ( T2 







Note: r3 / T2 = a constant  (This is Kepler’s 3rd law)


Now find r.

Once you have r, you can get v (v = 2(r/T) easily.

This solution can be used to find the radius and speed of any circular orbit given the orbital period.
There are 3 variables (v,r,T). If you know any one of them you can find the other two! How unusual!

Error >> Get a string with a ball at the end. Tie a paper towel at the middle and swing it in a circle.
- the period of both will be the same. The outer mass will have to move faster in order to stay at the same period.

This analogy causes IMMENSE amounts of confusion. It is wrong because tension in string is constant with r, while gravity is not.

Homework: p293 #8,11 Nelson: p300 #5,8,10,17

see p776 for solar system data.

Evaluation: This stuff is pretty complicated the first time through. Allow two days for this lesson – the second day just to work on problems (and do a bit of recapping).
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